We investigate vacuum entanglement harvesting in the presence of a zero mode. We show that, for a variety of detector models and couplings (namely, Unruh-DeWitt qubit and harmonic oscillator detectors, amplitude and derivative coupling), the results are strongly dependent on the state of the zero mode, revealing an ambiguity in studies of entanglement harvesting with Neumann or periodic boundary conditions, or in general in spacetimes with toroidal topologies.
Introduction
Many developments in recent years have shown that fruitful progress in our understanding of quantum field theory (QFT) and fundamental physics can be attained by applying insights and tools from quantum information theory. Much attention has been focused on the entanglement structure in quantum field theory, since it was shown that different regions of QFT vacua contain classical correlations and entanglement even if the regions are spacelike separated [1, 2] . Vacuum entanglements plays a crucial role in a plethora of fundamental phenomena such as the black hole information loss problem [3] [4] [5] [6] . Furthermore, from the perspective of quantum information, entanglement is a resource that can be used to perform information processing tasks [7] [8] [9] , thus being able to extract or use entanglement contained in readily available QFT states would be both of fundamental and practical interest.
The fact that one can indeed extract entanglement from the vacuum of a QFT using a pair of initially uncorrelated two-level quantum systems was first established in the pioneering work of Valentini [10] and later by Reznik et al. [11, 12] . This phenomenon has gained attention in recent years and is now known as entanglement harvesting. Entanglement harvesting has been shown to be sensitive to accelerations [13] , time dependence of the interaction and number of spacetime dimensions [14] , spacetime curvature [15] [16] [17] [18] , spacetime topology [19] , boundary conditions [20, 21] , field state [22] , and more recently also indefinite causal order [23] . In more practical settings, entanglement harvesting has been investigated in different realistic experimental setups [24] [25] [26] [27] [28] [29] [30] . To study this phenomenon it is common to consider the Unruh-DeWitt (UDW) particle detector model [31, 32] -which consists of the monopole coupling of a detector to a scalar field-is a particularly natural simplified model of light-matter interaction. Studies of entanglement harvesting with the more complex full-fledged electromagnetic field interaction and realistic atomic models have indeed revealed that the fundamental features of this interaction were captured already at the level of the UDW model [33] .
A massless quantum scalar field in flat spacetime subject to periodic or Neumann boundary conditions in all spatial directions is known to exhibit a zero mode [34, 35] , which is associated to the spatially constant Fourier component of the field's mode decomposition. It also arises for spacetimes with compact spatial section like de Sitter when the field is minimally coupled to curvature [36, 37] , and also for non-scalar fields such as Dirac fermions with analogous boundary conditions [38, 39] . Since zero modes do not admit a Fock representation, several studies have opted to remove them by hand, which is akin to assuming that it has a negligible impact on the physics in question (e.g., among others, [40] [41] [42] [43] [44] ). Indeed in some cases the effect of the zero mode can be minimized or neglected [35] , but in general they have strong phenomenological consequences in the light-matter interaction, since it affects particle detectors' responses, the field stress-energy tensor, and two-detector entanglement dynamics [35, 45] . Perhaps more importantly, ignoring the zero mode yields strong causality violations in particle detector models [34] .
In this paper we study the role of the zero mode on the entanglement dynamics of two Unruh-DeWitt detectors on (1 + 1)-dimensional Einstein cylinder. We consider both the case of two-qubits and the case of two harmonic oscillators as detector models, and both in the case of the usual UDW coupling and the less common (but employed in [45] ) derivative coupling [46] [47] [48] [49] [50] . We will see that, in all cases, the zero mode contribution can never be ignored when considering the entanglement dynamics of the field. In particular we show that even when choosing states of minimal uncertainty for the zero mode, the impact cannot be made zero in general. Furthermore there is an important dependence on the state of the zero mode in the entanglement dynamics of the detectors. Because of this, we will finally argue that there is no a priori way to choose the state of the zero mode and therefore the study of entanglement harvesting (and even detector dynamics) in the presence of a zero mode when the results depend on its state produces ambiguous results. This paper is organized as follows. In Section 2 we introduce the Unruh-DeWitt formalism for entanglement harvesting and a brief review of the zero mode. In Section 3 we show the impact of zero mode on the entanglement negativity of the two detectors' joint density matrix. In Section 4 we briefly discuss how the results generalize to other UDW-like models such as derivative coupling model, harmonic oscillator detectors, and in higher dimensions. We make our conclusions in Section 5. We adopt the units c = = 1 and also positive signature for the spacetime metric. We will also sometimes use x ≡ (t, x) to denote a spacetime point.
Setup

Scalar field in Einstein cylinder
We consider a quantum massless scalar fieldφ(t, x) in a (1+1)-dimensional Einstein cylinder, i.e. flat spacetime with topological identification (t, x) ∼ (t, x + L) such that the spacetime is topologically R × S 1 . This is equivalent to applying periodic boundary conditions on the scalar field. The quantization inertial frame of coordinates x = (t, x) will be called 'laboratory frame' throughout the paper. In the lab frame, the field admits a mode decomposition given byφ
where k n = 2πn/L and n ∈ Z \ {0}. Notice that for periodic boundary conditions there is a zero mode, that is a spatially constant modeφ zm (t). The modes inφ osc (t, x) will be referred to as the 'oscillator modes'.
In the context of light-matter interaction, particle detectors such as those in the Unruh-DeWitt model necessarily couple to the zero mode. This coupling to the zero mode is essential. Indeed, if one ignores the coupling of the detector to the zero mode one would get physically unacceptable behaviour in the detector-field interaction. Namely, the detector model critically violates causality and can signal faster than light if the zero mode is ignored [34] . What is more, once we consider that the zero mode needs to be part of the light-matter coupling model, one cannot just assume its impact on the dynamics is negligible: it has been shown that the zero mode may induce non-trivial effects on the physics of particles detectors [35, 38, 39] .
Forφ osc we can define a Fock vacuum |0 as the state satisfyingâ n |0 = 0 for all n = 0 with the usual canonical commutation relation [â i ,â † j ] = δ ij 1. However, the zero mode does not admit a Fock vacuum since its dynamical behaviour is the same as that of a quantized non-relativistic free particle [34, 35] . Indeed, the classical Lagrangian of the zero mode can be written as
where Q is the spatially constant Fourier component of classical field φ, i.e. Q = φ zm (t). Therefore, the zero mode is dynamically equivalent to a non-relativistic free particle on the real line R with effective mass L, and the field amplitudeφ zm can be viewed as a generalized position variable in phase space. Defining P to be the conjugate momentum to Q, the classical Hamiltonian reads
4)
Quantization of the zero mode then proceeds the same way as the quantization of a nonrelativistic free particle, where we promote the classical variables Q, P to operators in Heisenberg pictureQ,P respectively. If we now defineQ S ,P S to be the corresponding operators in the Schrödinger picture with canonical commutation relation [Q S ,P S ] = i1, it follows that φ zm (t) can be expressed asφ
We note that the construction of the zero mode as done above can be generalized to arbitrary (n + 1) dimensional spacetime M where the spacelike hypersurface is topologically an n-torus
Unruh-DeWitt model
We consider two spacelike-separated observers, Alice and Bob, each carrying one UDW detector that can interact with the field locally. In our setup we consider each detector to be a two-level system co-moving relative to the quantization frame whose coordinates are (t, x), so that the proper time of each detector is τ = t (see e.g., [51] ). The monopole moment of each detector in the interaction picture is given by [32] µ
where ν = {A, B} denotes Alice and Bob respectively and Ω ν is the energy gap of detector ν. We denote |g ν , |e ν to be the ground and excited states of the detectors respectively, the su(2) ladder operators are simplyσ + ν = |e ν g ν | andσ − ν = |g ν e ν |. The interaction Hamiltonian of the detectors-field system in (n+1)-dimensional spacetime is given is given byĤ
where F ν (x) is the spatial smearing of detector ν, which is centered at x ν , χ ν (t) is the switching function and λ ν the coupling strengths. The monopole moment operators in this Hamiltonian are understood asμ a (t) ≡μ a (t)
We assume that the system is initialized in the following uncorrelated statê
whereρ φ is the field state. The field state can be further decomposed into the zero mode and oscillator mode components. For the purposes of this paper, we assume that the field starts in an initially uncorrelated product state of the zero mode and the oscillator modê ρ φ =ρ zm ⊗ρ osc , and for simplicity assume thatρ osc has vanishing one-point function, i.e.
This assumption is still very general and includes, e.g., the vacuum state of the field, squeezed vacuum or thermal states of any temperature (any Gaussian state whose Wigner function is centered at zero).
The time evolution operator is given by the usual time-ordered exponential
Working perturbatively up to second order in λ, we can writê
whereÛ (j) is of order λ j . Up to second order, these are given bŷ
Therefore, we can write the time-evolved state aŝ
whereρ (j) is of order λ j in perturbation theory. Again, to second order, the perturbative contributions to time evolution are given bŷ
By tracing out the field, the joint reduced density matrix for the two detectors (after interaction) in the basis {|g a g b , |g a e b , |e a g b , |e a e b } reads (see e.g, [14] )
.
is the pullback of the Wightman function along the detectors' trajectory, i.e.,
( 2.17) We note that, for our case, the full Wightman function can be conveniently split into two parts, namely the zero mode and the oscillator mode Wightman functions:
To see this, observe that
where in the last equality we have used the vanishing one-point function (2.9). This decomposition simplifies the analysis as it allows us to cleanly separate the contribution coming from the zero mode and the oscillatory modes. For example, in the reduced detector density matrix (2.16) we have that L jj = L jj,zm + L jj,osc and M = M zm + M osc as they are all linear in the full Wightman function W (x, x ).
Finally, any Wightman function can be written as the sum of the Hadamard part (anticommutator) C + and the Pauli-Jordan part (commutator) C − :
The Hadamard functions are state-dependent while the commutator expectations are independent of the field state chosen. We are going to focus on vacuum entanglement harvesting, so, for our purposes we will consider the field to be in a Fock vacuumρ osc = |0 0| osc , which certainly satisfies Eq. (2.9). The Hadamard functions read
while the commutators are
Since we want to prove that entanglment harvesting is indeed strongly dependent on the choice of zero mode state, let us make a similar choice as in [35] and consider the zero mode in what would be the ground state of a quantum harmonic oscillator with the following first and second moments:
This state has the property that it saturates the Heisenberg uncertainty relation and strongly simplify all our subsequent calculations. The constant γ that appears above is related to the mass m and frequency ω of a standard quantum harmonic oscillator by γ = mω/(2 ). For this choice, the Hadamard piece for the zero mode reads
(2.28)
Results and discussion
In order to measure the amount of entanglement between the detectors after interaction with the field, we employ the negativity N [52] , which for two two-dimensional systems (like our two-detector system) is an entanglement measure. Up to second-order in perturbation theory, due to transnational invariance this boils down to a very simple calculation involving the matrix elements of (2.16):
This expression has the advantage that it cleanly separates the local noise terms L jj coming from each detector's response and the non-local term M, thus entanglement is generated between the two detectors if the non-local term dominates local noise. For two qubits, negativity vanishes if and only if the two-qubit state is separable [52] [53] [54] .
We will now explicitly compute the matrix elements M and L jj . For simplicity we assume that Ω a = Ω b = Ω, λ a = λ b = λ, and that the switching functions are Gaussians 1
We will also focus on the pointlike detector limit where the smearing function F (x) = δ(x). Note that spatial smearing does not impact the zero mode at all because the Wightman function for the zero mode is independent of spatial coordinates, thus this simplification will not affect the physics of the zero mode.
For the oscillator part, we evaluate M osc and P osc numerically. For the zero mode, the contribution to the joint detector density matrix elements admits closed expressions via Fourier transform and convolution theorem. We first note that in the simplest case where the detectors are at rest relative to the quantization frame, we have L aa,zm = L bb,zm =: L zm , since the Wightman function of the zero mode is invariant under spatial translations. Therefore, we can write
3) 1 We use e −t 2 /2T 2 instead of the more commonly used e −t 2 /T 2 in UDW literature because the expressions for the zero mode contributions to the detector density matrix is cleaner (without factors of 1/4 around).
where
Therefore, the zero mode contribution reads
Note that this term does not vanish as L → ∞, and instead it tends to a finite positive value
thus we do not recover the free-space limit where the zero mode does not exist. This is particularly remarkable since, for the response of particle detectors, it implies that the limit of very large cavity does not commute with the quantization of the field. That is, in the presence of detectors, a very large periodic cavity is not the same as Minkowski space. From an operational perspective this means that a detector that is switched on for a finite time can tell that it lives in a periodic cavity even if very far away from the 'walls' through the zero mode contributions to its transition probability. As we will see later this is a result of the UDW coupling, and this phenomenon is not there if we consider derivative coupling, highlighting, as already discussed in [35] that the derivative coupling suffers less from the zeromode ambiguities than the usual UDW. We will hold further discussion of this until Section 3. We also note that L zm → 0 as T → ∞, i.e. the zero mode contribution to the transition probability vanishes in the long interaction limit.
Note that we can also split the non-local term into the commutator and anti-commutator pieces,
Closed form expressions can be found as well from Eq. (2.16): and together they give
These also do not vanish in the L → ∞ limit, and curiously this limit is equal to the large cavity limit of L zm (up to a sign):
Again, we note that as L → ∞, the zero mode contribution does not vanish for any finite interaction time T . This means that the procedure of coupling detector to a field does not commute with the large cavity limit. This difference between cavity and continuum UDW model was also observed in the study of resonance in UDW model [55] . Using Eq. (3.1), we get
Eqs. (3.6) and (3.11) make clear that the zero mode contribution to negativity vanishes at second order in perturbation theory when either T → ∞ (i.e., the long time limit) or γ → ∞ (i.e. the Gaussian state is infinitely squeezed into the eigenstate of Q S which has infinite P 2 S ).
In Figure 1 and Figure 2 we show the effects of the zero mode on the negativity of the two detectors for various choice of tunable setup parameters. The results clearly demonstrate how the zero mode can contribute significantly to the entanglement dynamics of the two detectors even at leading order in perturbation theory. Figure 1 shows that for a larger cavity and larger detector separation, the zero mode leads to less efficient entanglement harvesting. Furthermore, Figure 2 also shows that the amount of entanglement depends very much on the "frequency" of the harmonic oscillator wavepacket γ, which can be thought of as the squeezing parameter of the (Gaussian) state of the zero mode. Note that for larger detector separation, the zero mode tends to improve entanglement generated by tuning the squeezing parameter γ to be sufficiently large. This discussion illustrates strong dependence of entanglement harvesting on the choice of zero mode state, which is an ambiguity of the theory.
UDW-like models and generalization to higher dimensions
In this section we briefly discuss the impact of the zero mode on entanglement harvesting for two classes of UDW-like models, namely 1) derivative coupling model, and 2) when the internal degrees of freedom of the detectors are described by harmonic oscillators. We will also comment on the generalizations to higher spacetime dimensions.
Derivative coupling model
For the derivative coupling model [46] [47] [48] [49] [50] , the pullback of the Wightman function on the trajectory of the detector is
It is then easy to parallel what we did above and see how zero mode component affects the efficiency of entanglement harvesting for a derivative coupling. Using the expression for C ± zm (t, t ) in Eqs. (2.24) and (2.26), we can compute the derivative coupling Wightman function easily, which reduces to
The relevant density matrix elements associated to zero mode are now
i.e. M A zm = −L A zm . Therefore, for derivative coupling, there are choices for the zero mode state such that its contribution to harvesting vanishes. Namely, for either one of the following limits: T → ∞, L → ∞, and γ → 0 (compared to T → ∞ or γ → ∞ for linear coupling). Note that strictly speaking one cannot take the squeezing parameter γ → 0 (or γ → ∞) as it corresponds to non-normalizable eigenstate of P S (or Q S ). We also observe that unlike the linear coupling case, the derivative coupling zero mode contribution does vanish in the large cavity limit.
Note that despite the fact that there are choices of the zero mode state that cancel the contribution to harvesting for the derivative coupling in some limits, it certainly does not mean that the derivative coupling is devoid of problems for harvesting in the presence of a zero mode. The derivative coupling has exactly the same issues as the usual UDW coupling. Concretely, the amount of entanglement harvested is still strongly dependent on the particular choice of zero mode state, and there is, in principle, no good reason to choose one state or another for the zero mode of the field in the Einstein cylinder. If one would like to choose a tailor-made state that makes the harvesting calculations coincide with the case of ignoring the zero mode, one would still need to justify why that choice of zero mode state is physical in any way.
Harmonic oscillator UDW detectors
We consider two pointlike harmonic oscillators of unit mass with frequencies ω A and ω B respectively. The interaction Hamiltonian is given bŷ
where ν = A,B labels the two detectors, and we couple to the quadraturê
with the usual ladder operators of the harmonic oscillatorâ ν andâ † ν satisfying the commutation relation [â µ ,â † ν ] = δ µν 1. The ground state of each detector, denoted |0 ν , is defined to be the state that satisfiesâ ν |0 ν = 0, where ν = A,B. As in the two-level case in Section 2, we consider the full ground state to be given bŷ
where the field state is the same as before, i.e.ρ φ =ρ zm ⊗ρ osc , withρ osc chosen to be the Fock vacuum, and the zero mode state is a harmonic oscillator ground state parametrized by γ with first and second moments given by Eq. (2.27).
Using the time evolution operator At leading order in perturbation theory, the second excited state of each harmonic oscillator contribute toρ AB : in terms of ordered basis
the leading order joint density matrix is 6 × 6 matrix given by [56] 
where the M, L µν are the same as Eq. (2.16). As discussed in earlier work [56] , at leading order, there are new matrix elements that appear because we consider a harmonic oscillator detector rather than a qubit one, these are the terms K ν which take the form
Again for simplicity we consider identical pointlike detectors (ω a = ω b = ω, λ a = λ b = λ, χ a (t) = χ b (t) = χ(t)) with smooth Gaussian switching given by Eq. (3.2) , so the two negative eigenvalues ofρ ab take the form 
which is identical to Eq. (3.1) up to identification of the tunable parameters of each model, e.g. the two-level system's energy gap Ω with that of the harmonic oscillator Ω → ω. This has also been pointed out in [56, 57] . Since the zero mode is unchanged, in the context of entanglement harvesting harmonic oscillator UDW model will share the same zero mode ambiguity problem as the two-level UDW model.
We note that the formal expression for the density matrix is identical even if we consider derivative coupling, since only the Wightman function is changed from the amplitude coupling to derivative coupling case. Therefore, the computations done in the two-level case would carry through for harmonic oscillator case as well. In summary, the harmonic oscillator detector model presents the same zero-mode ambiguities as the qubit model both for derivative and amplitude coupling.
Generalizations to higher dimensions
The results obtained so far apply not only to the (1+1)-dimensional Einstein cylinder but also to any number of spatial dimensions. In particular, analogous results hold for a toroidal spacetime in (n + 1)-dimensions where the spacelike hypersurface at constant t has topology S 1 × ... × S 1 . The reason is that the zero mode is given by exactly the same expression except with the "effective mass" L n instead of L in the zero mode Hamiltonian (see, e.g., [34] ):
H zm,(n+1) =P 2 2L n .
(4.14)
Therefore, the features studied in this paper (and critically the strong dependence of entanglement harvesting on the state of the zero mode) will be present as well in arbitrary dimensions.
Conclusion
We have discussed entanglement harvesting in spacetime topologies where a zero mode is present (e.g., the (1 + 1)-dimensional Einstein cylinder). In studying entanglement harvesting one couples two particle detectors to the field. The coupling of the detectors to the zero mode cannot be ignored. If the detectors do not couple to the zero mode they are able to signal superluminally [34] , and as such, the study of spacelike entanglement harvesting becomes ill-defined unless the zero mode is considered.
We have studied the role of the zero mode on entanglement harvesting with two different particle detector models (Unruh-DeWitt [31, 32] and derivative coupling [35, [46] [47] [48] [49] [50] ) that have been used in previous literature to study harvesting in the Einstein cylinder (e.g., [45] ). Due to the lack of Fock representation, for the zero mode we considered a family of Gaussian states parametrized by a 'squeezing' parameter and showed that entanglement harvesting is strongly dependent on the choice of the zero mode state.
There are two possible ways of reading this result: first, if one has control on the state of the zero mode one can see that the size of a periodic cavity, and the detector separation affects entanglement harvesting through the zero mode dynamics. In particular, harvesting is less efficient for a smaller cavity and for larger detector separation. Furthermore, entanglement harvesting can be improved by tuning the state of the zero mode, for example, increasing the squeezing parameter for the family of Gaussian states considered in this paper.
Second, and perhaps the most important result: we observe that 1)-there are no a priori reasons to choose one state or another for the zero mode (there is no 'vacuum' state for the zero mode) and 2)-at leading order in perturbation theory, the zero mode state has a significant influence on the entanglement dynamics between two detectors. These two factors lead to the conclusion that the study of entanglement harvesting in spacetimes with periodic topologies suffers from strong ambiguities (again, in the absence of a good reason to select a state for the zero mode). This is true regardless of the nature of the detector-field coupling, e.g., whether it is a UDW coupling or a derivative coupling does not change this result.
